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ABSTRACT. In this note we explain a point left open in the literature of
Hardy spaces, namely that for a sufficiently smooth m-linear Calderén-
Zygmund operator bounded on a product of Lebesgue spaces we have

flv vfm Z le iy A lmT Al,igs- am,im) a.c.,

im
. Pj . R N W Pj dis-
where a;;; are HPJ atoms, A;;; € C, and f; =Y, Aj;,a;;; are HPJ dis
tributions. In some particular cases the proof is new even when m = 1.

1. INTRODUCTION

This article is a subsequent article of [7] and is concerned with the
boundedness of multilinear Calderén-Zygmund operators on products of
Hardy spaces. Our goal in this article is to prove that the action of a suffi-
ciently smooth m-linear Calderén-Zygmund operator can be interchanged
with infinite sums of atoms; see identity (3). We also discuss approxi-
mations of general m-linear Calderén-Zygmund operators by sequences of
smoother ones.

Multilinear Calderén-Zygmund operators were introduced by Coifman
and Meyer [4], [S] but were not systematically studied for about a quar-
ter century until the appearance of [9] and its subsequent article [8]. The
boundedness of these operators on products of Hardy H” spaces first ap-
peared in [7]. Subsequently, the articles [10], [11] studied the boundedness
of these operators from product Hardy spaces into Hardy spaces under some
additional conditions; the related work in [3] focuses on singular integrals
in product spaces.

We begin by giving a precise definition of Calderén-Zygmund operators.
Let Z(R") be the space of smooth functions with compact support.

Definition 1.1. An m-linear operator T : Z(R") x Z(R") x--- x Z(R") —
2'(R"), whose Schwartz kernel S coincides with a function K away from

diagonal {(y0,y1,--.,Ym) : Yo =y1 = -+ = Ym} on (R")" s called a
Calderon-Zygmund operator if
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() RO+ Koyt ym)| < Gl
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where d(¥) =Yg |vi —yi| and o = (a1, @z, . .., Qi) is @ multiindex with
\ot| <1 and I is some large integer; and there exist 1 < gq; < oo and 1 < g
such that

2) ||T(f1,f27 S Sm)lle S AN fillza | f2llee - | fonllzam

m
where 1 g = LYi-1g

. We call A and A, the associated constants of T.
If there is no confusion we denote d(y) simply by d.

Remark 1.2. The fact that S is a Schwartz kernel of T means that S is an
element of 2'(R"T") and such that for all f;,g € Z(R™) we have

Here (82 f1®--® fin) 30,15+ -, Ym) = g0) f1(V1) - - fin(Ym)-

Remark 1.3. If T maps L9 x --- X LI to L1 for some 1 < q; < oo, 1 <
g <o, then T also maps L™ x --- x L' to L" for any rj,r with 1 <r; < e,

%— . 1r,see[9]
In [7] it was proved that 7 is bounded from HP! x --- x HP» to LP with
% =Y; pij by showing that ||T'(ay,...,am)|1r < C, where a; are HPJ-atoms.

The proof relies on identity (3) below, which was left unproved there. The
proof of (3), although trivial for finite sums of atoms, is quite delicate and
requires substantial work for infinite sums. The details of the argument are
carefully described in this article. Note that it does not suffice to know
the validity of (3) for finite sums of atoms, to derive the boundedness of T
on HP! x --- x HP=_ In fact, although the set .% of finite combinations of
atoms is dense in H”/, Bownik [2], inspired by an idea of Meyer (contained
in [13]), constructed an example of a linear functional on a dense subspace
of H'! that is uniformly bounded on .% but does not extend to a bounded
linear functional on the whole H'.

The main goal of this article is to provide a proof for the following result:

Theorem 1.4. Let 0 < p; <1< qj <o and let f; € HPI N L have atomic
decompositions fj = Y. Aji,aji, where Aj; ||Hpj ~ XAl
and aj;; are L™ atoms for HPi. Let T be a Calderon -Zygmund operator as
in Definition 1.1 which satisfies (2). Then for almost all x € R" we have

(3) Tk(fl; 7fm Z Z )Ll e WZlm (al.,ip'“)am,i;n)(x)?

i1=1 im=1

and consequently, T maps HP' x --- x HPm to LP, when 117 = le 4+ pL

In Sections 2 and 3 we prove Theorem 1.4 while in Sections 4 and 5 we
provide an alternative proof of identity (3) for Calderén-Zygmund operators
defined as almost pointwise limits of smoother operators.
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2. THE APPROXIMATIONS {7}

To obtain the proof of (3) we need to introduce a new operator 7; which

is defined as
Tk(fla' .. 7fm) = RkT(ka17' .. 7kam)7

where Ri(f) = @ f, ¢ is a nonnegative smooth radial function supported
in B(0, 1) (the unit ball of radius 1) whose integral is 1, and ¢ (x) = k"¢ (kx).
Denote by S the kernel of 7;. For this type of approximations in the linear
case, we refer to [12] and [1].

Since ||Rc(f)|le < ||f]lze and ||Rif — fllze — 0 as k — oo for g > 1, it’s
easy to check that Ty (f1,...,fm) = T(f1,..., fn) in LY whenever f; € L4,
1 m 1

g = Lj=17°>4j> 1 and g > 1. These T}’s satisfy several nice properties
J

which we state in the next two results.

Proposition 2.1. {7}} is a collection of Calderdn-Zygmund operators with
equivalent constants.

Proof. We observe that || Ti(f1,-.., fm)llze < Cllfillzar -+ || finllzam, since
RS |la < | flrel|@ |1, thus one requirement in Definition 1.1 is satisfied.
Next, we check condition (1) on the kernel Sj of T

A
Op Yo Oy —(X
8y0 ay11 8ym Sk(yo,yl,...,ym) < d(y)m”‘+|a|’

which, by an easy calculation, is defined at every point by

Sk()’OJla cee aym) = <T(Ty1¢k: KRR Ty;n¢k>7 Ty()(Pk)a

where 7,f(x) = f(x—y).
We consider two cases concerning the size of d(¥) when we fix k.

Casel. d(y) > %, wherer=C2,  +1land C2, | = (m—gl)m' If we choose

the largest term |y;, —y;,| among |y; —y;|, we have |y;, —y;,| > % and there-
fore supp Ty, O Nsupp Ty, ¢ = 0. As aresult, S¢(yo,...,yn) can be written
as

/R<m+1>nK(y0 — 2= Ym— )P (o) 9 (1) - . @ () duoduy ... dty.

Since |(yll - u%) - (ylz - %M > %b}l] _y12| for u € supp (P’ = 172’
Ag
. +|0
(il i = 1) = =)™
<— Aa
(Eb}ll _ylz‘)mnﬂa‘
CAq
Sd(y’)mn-l—\a\

|8y%°3yof‘ ce 3y0,f:"Sk()’Oa)’1a ce- 7ym)‘ <
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where the constant C is independent of k.
Case 2. d(¥) < 9°. We can use the boundedness of T to get

|ay0(§oay0151 - ayimsk(yo,yl, cee ,ym)|

=T (7, (0 9x), - T, (9 P1)), Ty, (X 91)) |
< ARk k| o]0 o 160
_ Ckmn+|a|
< cd(y) oD,
where again C is independent of k. U

Note that the preceding proof shows that each function dy*dy" -- - Dyim Sy
is bounded by Ck™ el

Proposition 2.2. For fixed positive integers k and J, operators with kernels
of the form 9B Sy, where |B| < J, form a collection of Calderén-Zygmund
operators with the same associated constants, which depend only on J.

Proof. Any finite collection of Calder6n-Zygmund operators can be made
to have the same associated constants, so we need only to check that each
T with kernel dBs; isa Calder6n-Zygmund operator.

We have proved the case B = 0 in Proposition 2.1. For the case 8 # 0, if
d > 7, where r is as in Proposition 2.1, then 10%9Bs;| < cd—mn-1el=1Bl <
CklPlg=mn=lol If @ < 4 and B # 0, then [9%9Psy| < CcrkmHIBIHal <
CklBlg—mn=lal We have proved that 7 satisfies (1) in Definition 1.1.

Concerning the boundedness of 7g on some product of Lebesgue spaces,

we take ¢ = 1 and use the property that 98} is bounded to get
||Tﬁ(f17f27 cee 7fm)||L1

S/”aﬁsk(‘ayla)’%---7ym)”L1’fl(y1>f2(y2)"'fm(ym)‘dyldy2"’dym
<c / AGDLO2) - fnlm)ldyidya - dym

S(j||.f1 Hqu HfZHLqZ e ||fm||L(1m,

provided 1 =YL, qu and [|0BSk(-,y1,v2,- .., ym)|l1 < C < oo. To verify the
latter, we split the integral into two parts

</d<4" * d>4r > |8/3Sk(x,y1,y2, e Ym)|dx
<% T

< / et Blgy 4 [ Bl gy = T4
d<¥ d>%
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Obviously |I] < f\x—yl\g% kBl gy < .
When d > 4—k’, if Zzllzl lvi —yi| > %, then

1
| < / dx < oo
e iy

since |B| > 1 and m > 1. If):,l\y, i < T then Y, |x —vi| > 7 and we
must have / such that |x — y;| > - and then let us choose i # [, as a result

1
I </ dx < oo
U= e @i

By now we have checked the boundedness requirement in Definition 1.1
and therefore we conclude the proof. U

We now study the behavior of T; on Hardy spaces. Let us fix p; with
0 < p;j < 1. Since T}, are Calderén-Zygmund operators with equivalent con-
stants as 7', by the results in [7], there is a constant C independent of k£ such
that |Ti(a1,...,am)|lrr < Cif ajis an HPi-atom, j = 1,...,m. In the next
section we show that for all x € R" we have

(4) Tk(f17 7fm = Z Z 2’1 i ” .A'mvimTk(alail""7am7im)('x)
llfl lm—l
whenever f; € HPIN L% and fj =Y, Aji,a)i; in HPI C 9', which is ar-

bitrary atomic decomposition of f; such that (¥, Aji; PVPi < 2| f ill g
Under these assumptions, we have

| Te(frs- s S |Ep = HZ lell lm,imTk(al,il,---,am,im)HZ,

i1=1 im=1

<CY My A P | Telaniys - @) |
<CZM'111' mlm’

< C( ZVLI: P1) p1 .. lemlml”m pm
< C|lfilliger - 1 foml rom -

Since HPi N L% is dense in H?/, we can therefore extend 7} continuously
on HP' x --- x HPm,
If we fix f; € HP/ N L%, then we can extract a subsequence k;, which de-

pends on {f;}",, such that Ty, (f1,..., fu)(x) = T (fi,..., fm)(x) ae.. Ap-

plying Fatou’s lemma and | Ti(fi, ., fu) |25 < ClLfillZny - | fonl G with
C independent of k, then we have

NT(f1s-- s Sa)lle S Cl fillaen - | fnllom



6 LOUKAS GRAFAKOS AND DANQING HE

for all f; € HPiN L% . Then T can be continuously extended on the entire
HP' x .- x HPm due to the density of HP/ N L% in HPJ.

3. dPS, AS A CONTINUOUS LINEAR FUNCTIONAL ON HPi

In this section we establish the validity of (4). We begin with the follow-
ing result.

Theorem 3.1. Let 0 < p; < 1< gj <eo, i € {l,...,m} and fix k, x, j and
fr € HP' N\ L% fort # j. Then the function

Vi H/ (m—1)n AL ,)’m)Hfz(Yt)dyl"-dyj_ldyjH codym,
1#]

is a continuous linear functional on HPJ if the I in Definition 1.1 satisfies
I>m+ Y5 o], where aj = p%- —n.

Equality (4) is a direct consequence of this theorem. Indeed, we take

I = m+ZT:1[Ocj], where I is as in Definition 1.1. If fj = }; A1 ;a1 in
HPrN L9 and x 1s fixed in R”, then

Tk fla 7fm)( )
_/n/nm 1 .X' ' V1,Y2,- aym)Hf(yl)dyzdymfl(yl)dyl

m
= Z Ay /n/n(mI)Sk(xa)’b)’Z:'n;)’m)Hfi()’i)d)’Z"'deaLiI (1)dy1
i=2

i1=1

= Z Al,ilT(al,il 7f27 s 7fm)(x) )

i1=1

since [ Sk(xX,y1,¥2, -, ym) [17s filyi)dy2 - - -dy, € (HP')*. Now use this
idea iteratively with f replaced by ay ;, to obtain (4).

A function g is in L (R") if g € L? (R") and there is a constant C such
that for any cube Q C R”, there is a polynomial P of degree less than [c]

such that 1
q a
(ig1 0 - Puapar) " <clof.

The smallest C such that the previous inequality is true is denoted by ||g|| 14
This norm makes L{(R") a normed space if we identify functions whose
difference is a polynomial of degree less than [ct|. We need a characteriza-
tion of (H”)* which is discussed in detail in [6].

Theorem A. If0 < p <1, Oc:%—n, 1<g<oifp<landl <g<ooif
p=1, then (HP(R"))* = LL,(R").



MULTILINEAR CALDERON-ZYGMUND OPERATORS ON HARDY SPACES, II 7

Proof of Theorem 3.1. By Theorem A, we need only to check that the func-
tion in Theorem 3.1 is in L5 (R"), which is exactly (H?/)* if 0 < p < 1 and

a subspace of (H!)* when p; = 1, since

b [ 170l < ol

We only consider the case j = 1 here since the remaining cases are ob-
tained by symmetry.

Let us consider the function Gg(ym) = B S (X, Y15, Ym_1,Ym), Where
X, Y1y, Ym—1 are fixed and |B| < J — ([ay,] + 1) with J a fixed positive
integer, which is larger than m + ZT:I (o] and we use ¢; to denote pi, —n.
We claim that ||Gg HL%W < C with C independent of x,yy,...,y,—1 and .

Indeed for any cube Q = Q(xp,r), a cube centered at xo with length r,
there is a polynomial P such that |Gg(ymu) — P(ym)| < C|o|* for all y,, in
Q. The functions Gg = 9B, are bounded with bound C independent of
X,¥1;---,Ym—1 and f3, so we can take P = 0 and show that [Gg(y,)| < C <
C|Q|%/" whenever r > 1. Now we can restrict ourselves to the case where
r < 1. If we take P to be the Taylor polynomial of Gg(y) at xo of degree
[¢tn], then

‘Gﬁ(ym)_P(ym)’ = | Z 8)2;&/35']{()6,_)/1,...,ym_l,é)(ym—X())y’
7Y=[0tm]+1

< i IBI Y o] 1

< CxmH Bl o

where C depends on the constants of the Calderon-Zygmund operators Ty, g
with kernels 9817y, but it’s independent of k and r.
Now we have proved that Gg € (HP")* with bounded norms for || <

J = ([om] + 1), as a result [ Gg(ym)fn(Ym)dym = LA [ Gg(Ym)@i(Ym)dym
if f,, = ¥ Aa; is an atomic decomposition of f,,. Furthermore we can show
that [(Gg, fin)| < C|| fin||zrm with C independent of the variables again.

We will finish the proof by induction. Let us assume we have proved
that, (9BSy, fyr1® -+~ ® fin) with |B] <J —Y",([0y] 4+ 1), as functions of
yv, are functions in (H?Y)* with norms bounded by

(5) C IT Il fillaw,

i=v+1

where C is independent of x,y1,...,yy and . Fix f; for i > v and define

Fﬁ(y"—l) = <aﬁSk7fv®“'®fm>.
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Next we show that Fg(yy—1) € Ly, = (HPv~')* with operator norm bounded
by CTT™, || fillz»i. Again we only consider the case r < 1 because of (5).
Take P as the Taylor polynomial of Fg(yy—1) at xo of degree [0y 1], then

|FB (}’vfl) _P()’v71>|
:| Z <ay7i,,laBSk(x7"'7yV—27évyV7'")7f\/®"'®fm>(yv—l_x0)7|
71=loy 1] +1

m
<CTTlIAllanre-
=V

where C is independent of x,yy,...,y,_2 and f.

To summarize, we have proved that [ B S, [Ti>o fi(yi)dys - - -dyp is in
(HP')* as a function of y; for [B| <J—(m+ YL, [;]). We therefore obtain
the conclusion of this theorem by symmetry. U

4. AN ALTERNATIVE APPROACH

We can prove a stronger result, namely that equality (4) is true if we
replace T; by T, where T is a Calderén-Zygmund operator defined in Defi-
nition 1.1 with the additional condition (6) below. A direct corollary of this
result is that for such T we have

1T (s flZe < CllA Nz L fonll Erpm

and the proof of this is the same as that for 7} given at the end of Section 2.
Pick a function ®(x) which is " on R” and is equal to 1 for |x| > 2 and
vanishes for |x| < 1. Then we define for € < 1/10

K€ 30,3153 3m) = K001, -, ym) [R(d(F) /&) — D(£d (F))]

and it’s easy to check that [0*K(®)(7)| < Ay d(¥) "1l uniformly in € by
considering d(¥) to be comparable to €, 1 /€ and otherwise respectively. We
can define a truncated operator

T(g)(fh s ,fm)(yO) = /Rmn K(g) (y(),yl, - 7)’m)f1 ()’1) .. fm(ym)dyl .. dym
If there exists a sequence {&} that tends to zero and we can define T as

(6) T(fis s fu) (o) = éigﬁ““ (Fis--s fin) 0)

initially for Schwartz functions f;. Examples of operators of this kind can
be found in [9]. Actually if

/R1<y1 [+ |ym|<R2
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for all 0 < R} < Ry < =0, then we can define an m-linear translation-invariant
Calder6n-Zygmund operator satisfying (6). By Cotlar’s inequality in [8] we
have that T(€) maps L7 x --- x L9 to L1 uniformly in &, (6) is valid almost
everywhere for any f; € L9 and TE)(f1,..., fm) = T(f1,...,fnw) in L4.
Although the maximal operator in [8] is defined in a non-smooth way, while
here we defined the maximal operator via smooth truncations, we still are
able to apply results in [8] because the difference of these two operators is
controlled by the product of the Hardy-Littlewood maximal operators.

Theorem 4.1. Let T be an m-linear Calderon-Zygmund operator satisfying
(6), then

T(f17 7fm _Z le gt mtm (al,ila"'aam,im)(x> a.c.,
i

where f; = Z,-j lj.,ijaj,ij lies in HPi N L* and the sum provides an arbitrary
atomic decomposition of fj.

Proof. To prove this theorem, we first prove the analogous result for T,
1.e.,

O froewes ) (x Z Y A AT (@14 () e

im

Let us fix € > 0. Then we have

‘{‘T fla 7fm Z Za‘lll" M, ( )(al,ila"'aam,im)

>6}‘

0
<‘{\T (Frreifm) = X M,il"'lmvimT(g)(al,il»--»am,im)l>§}‘

max (i1,...,im)<L

0
‘{‘ )L]Jl -~'lm7,-,,lT(£)(a|7,-1,...,am7,~m)| > E}’

max l], im)>L
=141I.

The kernels K(€) satisfy the same assumptions as K uniformly in €, there-
fore in view of the results in [7] we have that

<3P (X (X ) " Tl )"

j=1 k;=L r#j

which tends to 0 as L — oo.
To estimate term I, we need the following lemma which will be proved
in next section.
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Lemma 4.2. If f; € L> N HPJ, then

/mnK(g)(yO’yh"'aym)fl(yl)"'fm(ym)dyl"'de

<Ce ﬁ///N(fj)(yo) :
j=I

where .y is the grand maximal function defined as

AN(f)(x)= sup sup [(@*f)(y)l,

peFy yeR”
ly—x|<t

where

- {(pGY(R”): Nn(p) < 1}=

0)= [ (A+R)Y ¥ 19%p()]dx

|a|<N+1
and N = maxj[ ] + 1.

Then term I tends to 0 once we observe that || Y.7°_; A;a; | g — 0 as
L — o0 and term I can be controlled by a sum of terms with each term of the
form (TT;; [fellar (Xi;>2 1A, )1/Pi)P_ Since § is arbitrary, we establish
that

(8) T(S)(fla 7fm —Z Z)L] i mlm )(al,il,“-?am,im) a.e..

To remove the € in the precedlng equality, we claim that

Z Z;Ll i’ ;Lml T )(al7i1,-~-7am,im)_>

a

(9) Z.Z)‘l’” 'lmeT(al,lly?am,lm)
i i

in measure as & — 0. Hence once we fix the f;’s and their atomic decom-
position f; =Y ; A;, i;aj,i; for 1 < j<m, we can find a subsequence &, — 0
such that

Z le i mt )(alﬂ'lv’"’amﬂ'm)(x)_>

i

(10) Z Zﬂ'l ity mzm (al,il,---,amjm)(x) a.e.

Combining all these results and (8) we can get the desired equality.
Now let us prove the claimed convergence in measure (9). We want to
estimate

‘{}Z Z)Llll" m,m )(al,il,...,am,im)—T(alﬂ-],...,am’,-m))‘>5}‘
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T A A, T =T am,)| > 8/2)

max (iq,...,im) <L

+ ){\ Y A A (T =)@, ami,)| > 8/2}|

max (i ,..-7i111)2L+1

We bound the second term by C(2/5)1’Zmax(,-17.“,,-,”)2“1 Aiy - A, |7,
which turns out to be less than a given 7 > 0 if L is large. Once we fix
L, the first term can be controlled by 7 too for & small since T(&) 5 T in
L9. Therefore the claimed convergence is valid. U

5. PROOF OF LEMMA 4.2

Now we will prove that if f; € L>NHPi, then

/Rmn K00, 31,--ym) f101) - fnm) dy1 - dym| < Ce [T Au(f5) (o) .
=1

where .#y is the grand maximal function.
We will use the following fact: Let F' be a € function on R” supported
in [-A/2,A/2]" for some A > 0. Then we have

1 ~ o
Fx) =4 Y F(k/A)e™ Ay g o a o ().
keZr

(This is proved via a Fourier series expansion of the function F(Ax) on the
cube [—1/2,1/2]")
For every x € R” define a function K(¢*) on (R")" via

K€, ) = KO (x,x+11,...,x+ 1)
Then we have
K&, ) =KE (1, ym)
when 7; = y; — x. The function
(1, tm) = KE (11, )

is supported in the ball B(0,2 /&)™ which is contained in [—2/€,2/€]"™". We
expand in Fourier series K(¢) on the cube [—4/€,4/€]™™ to obtain

K& (1. )
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where (11,...,5,) — O(|t1]€) - - O(|tm|€) is a smooth function supported in
B(0,4/¢)™ and is equal to 1 on B(0,2/¢)™, which contains the support of
K€Y Also,

Cy(x,€) = /K(“)(tl, e t)e E kRt g gy

To estimate C%(x,e) we integrate by parts with respect to the differential
operator (I — A, )M---(I—A,,)™. We note that the hypothesis (1) on K
(which is also valid for K (8)) implies that

UK (11, )| < Al (1] 4=+ [t )1
uniformly in x for all || < I. Integration by parts gives that
[Clx&)] < Chy (14 [kt 7)™ - (1 )™

for any M > 0 such that 2mM < I.
Then we can write

K 3oyt ) 1) - fonOm) dyy -+ dym

Rmn
asS a Ssum
m
27 i (v
)y Cz(xﬁ)H/e 8 K 0@ (1x —yjle) £1(v5) dy;.
ke(zmym j=1

All the functions inside the integral are multiples of normalized bumps
whose 9y norm is at most a multiple of (1 + |k;[)¥T!. Taking 2M >
N + 1+ n we obtain the required conclusion in view of the decay of the

sum in k. Note that we need here I = m(N + 1+ n), where I is as in Defini-
tion 1.1.
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